A modified version of the Reissner-Nordstrom metric is proposed on the grounds of the nonlinear electrodynamics model. The source of curvature is an anisotropic fluid with pr = −ρ which resembles the Maxwell stress tensor at r >> q 2 /2m, where q and m are the mass and charge of the particle, respectively. We found the black hole horizon entropy obeys the relation S = |W |/2T = AH/4, with W the Komar energy and AH the horizon area. The electric field around the source depends not only on its charge but also on its mass. The corresponding electrostatic potential Φ(r) is finite everywhere, vanishes at the origin and at r = q 2 /6m and is nonzero asymptotically, with Φ∞ = 3m/2q.
Introduction
To avoid the black hole (BH) singularity problem, a lot of regular models have been proposed [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11] . Bardeen [1] was the first author presenting a regular BH model. However, the physical source associated to his solution was clarified much later, when Ayon-Beato and Garcia [12] interpreted it as the gravitational field of a nonlinear magnetic monopol of a self-gravitating magnetic field.
In the framework of general relativity (GR) one can find singularity-free solutions of the Einstein field equations coupled to nonlinear electrodynamics which in the weak-field approximation becomes the linear Maxwell field. The electric field is bound everywhere and asymptotically behaves as a Coulomb field. As far as the geometry is concerned, its asymptotic behavior is of ReissnerNordstrom (RN) type. Bronnikov and Shikin [2] and Bronnikov [3] showed that, in the Maxwell weak-field limit (small electromagnetic field scalar F = F ab F ab ), static spherically symmetric general relativistic configurations with a nonzero electric charge cannot have a regular center. Nevertheless, they did not specified what does "small F" exactly mean. Therefore we consider their conclusion questionable. A counterexample will be given by our metric (2.5) .
The authors of [12] proposed a new nonlinear electrodynamics which coupled to gravity gives rise to a nonsingular BH solution obeying the weak energy condition. The Einstein -nonlinear electrodynamics field equations are derived from an action within the Einstein -dual nonlinear electrodynamics [15] . Recently Balart and Vagenas [16] built a static, charged, regular BH in the framework of Einstein -nonlinear electrodynamics theory, satisfying the weak energy condition. Their action of GR coupled to nonlinear electrodynamics can be written as [17] 
where the Lagrangean L(F ) is a nonlinear function of the electromagnetic scalar F = (1/4)F ab ab , which describes Maxwell theory for weak fields. They further studied regular charged BH metrics by means of mass distribution function and constructed the corresponding electric field for each BH solution in terms of continuous probability distributions.
We shall employ in this paper a modified version of Schwarzschild (KS) metric [18] to obtain a regular charged BH. We already noticed in [18] that the anisotropic stress tensor is similar to the Maxwell stress tensor far from a point charge located at the origin. Taking a different value for the constant k and giving it another meaning, we extend the validity of the anisotropic energymomentum tensor to all distances, even close to the electric source. We also found that the electrostatic potential derived from the corresponding electric field has a nonzero value at infinity, Φ ∞ = 3mc
2 /2q where m and q are the source mass and charge, respectively, and c is the velocity of light.
Henceforth we are employing the geometric units G = c = 1.
Regular Reissner-Nordstrom metric
To begin with, we consider firstly the Xiang et al. [13] modified form of the KS standard metric
where Ψ(r) = −(m/r)exp(−ǫ(r)) (with ǫ(r) > 0) and dΩ 2 stands for the metric on the unit 2-sphere. The unknown function ǫ(r) is a damping factor needed to remove the singularity when r → 0 [13] . Xiang et al. used the approximation e ǫ > 1 + ǫ to obtain m = (ξ/2)e ǫ(ξ) > ξ √ ǫ, which is valid for any ξ (the horizon radius) and, therefore, they concluded that ǫ ∝ 1/r 2 . Let us go to the next term in the power series development of e ǫ and write
2) whence, with the help of the average formula
According to the Xiang et al. prescription, the last term of (2.3) should be a constant, i.e. ǫ ∝ 1/r. Our main assumption, therefore, is to consider Ψ(r) to be of the form
where k is a positive constant. With this expression for Ψ(r), our proposed modified metric can be written as
Being interested to relate k with the charge q associated to the mass m, we choose it to be
and the metric function f (r) ≡ 1 + 2Ψ(r) becomes
It should be noted that, asymptotically, the metric function tends to its RN value, i.e. f (r) = 1 − 2m/r + q 2 /r 2 if one preserves only the first term in the power series development of the exponential function. The first derivative of f (r) can be written as
which has a root at r = q 2 /2m. The metric function acquires its minimal value at r = q 2 2m and we have
We distinguish three situations of interest here ( Fig.1 ):
(1) |q| < 2m/ √ e, when f (k) < 0. Equation f (r) = 0 has two roots, r − < q 2 /2m (the Cauchy inner horizon) and r + > q 2 /2m (the event horizon). However, their position cannot be determined exactly because f (r) = 0 is a transcendent equation.
(2) |q| = 2m/ √ e, which leads to f (k) = 0. We have now a double root at r + = 2m/ √ e which represents the event horizon. Therefore, f (r + ) = 0 and f ′ (r + ) = 0 are simultaneously satisfied. This looks like an extremal BH, with a degenerate horizon [8, 18] (3) |q| > 2m/ √ e, i.e. f (k) > 0. The equation f (r) = 0 has no roots in this case. The metric function is positive for any r. For the case (1) the authors of [17] gives the expressions of r + and r − in terms of the Lambert W-function. The case (2) has been analyzed in detail in Ref. [18] . We consider from now on that there are two horizons (case (1)) and that q > 0.
Let us take now a static observer with the velocity field
where b labels (t, r, θ, φ). The acceleration 4 -vector
and we note that a r is vanishing when r → 0 and at r = q 2 /2m, where the metric function f (r) reaches its lowest value. In addition, the gravitational field becomes repulsive for r < q 2 /2m, when a r < 0. Once we have localized the event horizon H at r + , where f (r + ) = 0, the surface gravity may be written as
It vanishes when r + = q 2 /2m, i.e. for the extremal BH [18] .
Anisotropic energy-momentum tensor
We look now for the sources of the spacetime (2.5), namely the stress tensor to lie on the r.h.s. of Einsteins' equations G ab = 8πT ab in order that (2.5) to be an exact solution. By means of the software package Maple -GRTensorII, one finds that
When k = 2m/e we retrieve the components of the stress tensor from [18] , i.e. the extremal BH. The case k = q 2 /2m leads to the Balart-Vagenas stress tensor [17] . Their mass M corresponds to our m and σ(r), related to the mass function, is proportional to the Misner-Sharp mass m(r) representing the static electric field of a point charge of strength q and mass m, located at r = 0. We conjecture therefore that the stress tensor (3.1) is valid at any r > 0, both in gravity and electrostatics, with k chosen accordingly. When k = 2m/e we get the extremal BH form [18] and KS spacetime is obtained asymptotically. When k = q 2 /2m, T a b depends both on q and m and gravity is mixed with nonlinear electrodynamics. The classical electrostatics is recovered at r >> q 2 /2m, when (3.1) becomes exactly the Maxwell stress tensor (3.4) and the RN metric is obtained. One should also be noted that all the physical parameters from (3.1) vanish both at r = 0 and at infinity. It is worth noting that if k ∝ q, the cutoff factor would be exp(−q √ G/4πǫ 0 c 2 r) ≈ exp(−q/10 12 r), which shows that we need a huge q/r for the exponential factor to play some role.
Energetic considerations
Our first task in this chapter is to evaluate the gravitational Komar energy of the spacetime (2.5), with k = q 2 /2m
which is measured by a static observer with the velocity field u a . N in (4.1) is the lapse function and γ is the determinant of the spatial 3-metric. The above equation yields
The substitution x = 1/r ′ leads finally to
(W is not, of course, defined at r ′ = 0 and therefore we evaluated the limit r ′ → 0, which is zero). It is clear from (4.3) that W = m at infinity, as expected. In other words, the total Komar energy of the anisotropic fluid equals the rest mass of the central source. Nevertheless, W becomes negative for r < q 2 /2m and presents a minimum W min = −m/e 2 (which does not depend on q, as in [18] ) at r = q 2 /4m (Fig.2) . This seems to be a steady state, rooted from the negative pressures contribution. For r >> q 2 /2m, an approximate evaluation gives
and we recognize the expression of the Coulombian potential energy −q 2 /r from electrostatics. Let us compute now the horizon entropy S = |W |/2T [19] , where T = κ/2π is obtained from the surface gravity (2.12). With r + from f (r + ) = 0, one obtains .4) i.e. the relation S H = A H /4 is obtained, as it should be for a BH.
We wish now to find the expression of the electrostatic potential energy in the framework of the nonlinear electrodynamics. To reach that goal we will make use of the expression of the electric field E = F tr obtained by Balart and Vagenas in [17] 
where F tr = −F rt stands for the only nonzero component of the electromagnetic field tensor. On the grounds of their nonlinear electrodynamic model, Eq. (4.5) tells us that E depends not only on q but also on m. That means E changes when q is fixed but m is varied. However, E returns to its Coulombian form when r >> q 2 /2m. If we evaluate q 2 /2m for an electron, we get k e ≡ q 2 e /2m e c 2 , which is half the electron radius r e . As k e > 2m e /e, there are no horizons (we have m e < q e √ e/2; this is a little bit different compared to the RN case, where no horizon means m e < q e ). We would like to evaluate the electron electric field at, say, r = r e ≈ 10 −15 m. One obtains 6) which is less than the Coulombian value q e /r 2 e (m e and q e are, respectively, the electron mass and charge). Let us take now a sphere of mass m = 10 12 Kg, radius R = 1Km and charged with q = 1C. We have q 2 /2m ≈ 5.10 −18 cm and 2m/e ≈ 5.10 −14 cm, so that q 2 /8πǫ 0 mc 2 << 2Gm/ec 2 , if we introduce all fundamental constants. Therefore, there are horizons and
(note that r + > 2m/e). Hence r + ≈ 2m = 10 −13 cm, far inside the sphere. In other words, for a macroscopic mass m the nonlinear electrodynamics has a linear behavior.
E(r) from (4.5) vanishes at r = q 2 /8m, when r → 0 or r → ∞. To find how E(r) varies with r we need to solve the equation
which yields
The plot of E(r) versus r is represented in Fig.3 (r 1 and r 2 are located at the same distance w.r.t. q 2 /8m). It is worth to find the electrostatic potential Φ(r) where the electric field where C is a constant of integration. In order for Φ(r) to vanish at r = 0, we choose C = 0. However, Φ(r) tends to Φ ∞ = 3m/2q when r → ∞ (Fig.4) . That means the electric potential energy is qΦ ∞ = 3m/2. This resembles the gravitational potential Φ g = −g tt = 1 − 2m/r of the KS spacetime which may be written as Φ g = c 2 − 2Gm/r if we introduce the fundamental constants G and c. One obtains mΦ g,∞ = mc 2 and the rest energy appears here as the gravitational potential energy [20] . It is interesting to observe that Φ(r) from (4.12) depends not only on q and m but also on the velocity of light.
Far from the charge q, i.e. at r >> q 2 /2m, a power series development yields
Apart from the first constant term on the r.h.s. of (4.13), we recover the Coulombian term −q/r which is the only term that does not depend on the mass of the spherical source and the velocity of light. Moreover, if q were negative, Φ(r) should change sign, just like E(r). On the contrary, W (r) is insensitive at that change.
Conclusions
Our purpose in this paper was to find singularity-free solutions of Einstein's equations coupled to nonlinear electrodynamics. The asymptotic behavior of our solution is of the RN type and the Maxwell stress tensor for a static charge is recovered as the source of the gravitational field equations. The regular charged BH is obtained from a modified version of the KS metric, giving a different meaning for the constant k in terms of the charge of the source. Our stress tensor (3.1) was retrieved from [18] and has been also recently computed by Balard and Vagenas using probability distribution function. By means of their expression for the electric field E(r), we deduced the corresponding electrostatic potential Φ(r) which vanishes at r = 0 but tends to the value 3m/2q asymptotically. A power series development of Φ(r) for r >> q 2 /2m contains the Coulombian potential −q/r as the only term that does not depend on the source mass and the velocity of light. Note added in proof. After this paper has been completed, we were aware of the preprint [21] , where the author postulated a universe of uniform charge density at a large scale which induces an electrostatic potential similar with our Φ ∞ = 3m/2q. The plot of the electric potential as a function of r. Φ(r) has a minimum at r = q 2 /8m, vanishes at r = q 2 /6m and tends to 3m/2q asymptotically.
